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Abstract

The thermoelectroelastic problems for a hole of various shapes embedded in an infinite matrix are considered in
this paper. Using Stroh’s formalism and the technique of conformal mapping, a unified solution is obtained in
closed-form for an infinite thermopiezoelectric plate with various holes induced by thermal loads. The loads may be
uniform remote heat flow, point heat source and temperature discontinuity. Further a detailed discussion on the
critical points for the mapping function of a piezoelectric plate with polygonal holes is presented and the study
shows that the transformation is nonsingle-valued. A simple approach is given to treat such a situation. As an
application of the proposed solutions, a system of singular integral equations for the unknown temperature
discontinuity and the dislocation of elastic displacement and electric potential defined on crack faces is developed
and solved numerically. Numerical results are presented to illustrate the application of the proposed
formulation. © 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Studies on the stress concentration induced by holes or cracks in composite materials has been a topic
of considerable research, and many useful results and conclusions have been made during the past
decades (Kachanov et al., 1994). Of various holes the elliptic shape has evoked the most interest among
researchers for isothermal problems because of its flexibility to include the other special shapes such as
circles or cracks. However, the optimization process on a class of hole shapes showed that the optimized
hole is not necessary an ellipse (Dhir, 1981). Thus the study on thermal stress induced by holes differing
from ellipse is also of engineering importance. For isotropic materials, Evan-Iwanowski (1956) used the
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complex variable approach to derive the stress solutions for an infinite isotropic plate with a triangular
inlay. Florence and Goodier (1960) studied the thermal stress for an isotropic medium containing an
insulated oval hole. Based on the complex variable method, Chen (1967) studied the orthotropic
medium with a circular or elliptic hole, and obtained a complex form solution for the hoop stress
around the hole. Zimmerman (1986) studied the compressibility of holes by way of conformal mapping
of a hole onto a unit circle. Kachanov et al. (1994) developed a unified description concerning both
cavities and cracks. For orthotropic plate with rectangular openings, work has been done by Jong
(1981) and Rajaiah and Naik (1983). Their results were based on the solutions given by Lekhnitskii
(1968), which are only approximate solutions due to the mathematical difficulties involved. Based on the
Stroh formalism and complex conformal mapping, Hwu (1990) obtained the stress fields for an
anisotropic elastic plate with an hole of various shapes subjected to remote uniform mechanical loading.
For plane piezoelectric material without considering thermal effect, Sosa and Khutoryansky (1996)
obtained an analytical solution of piezoelectricity with an elliptic hole. Chung and Ting (1996) also
presented a general solution for piezoelectric plate with an elliptic inclusion. Recently, Hwu and Yen
(1991) obtained the Green’s functions satisfying traction-free boundary conditions around an elliptic
hole of anisotropic materials using Stroh’s formalism. Ting (1992) in his work presented the Green’s
functions for half-space and bimaterials of anisotropic plates. Later, Yen et al. (1995) and Ting (1996)
obtained Green’s functions for a line force and a line dislocation located outside, inside or on the
interface of an elliptic inclusion of general anisotropic elastic materials. In the literature, however, there
is very little work concerned with the thermoelastic Green’s function. Sturla and Barber (1988) obtained
a solution of thermoelastic Green’s functions for two-dimensional problem of an infinite elastic plate
subjected to a temperature discontinuity along the axis x, = 0. Qin et al. (1999) in their work presented
thermoelectroelastic Green’s functions for bimaterial.

Besides the fundamental academic interest, the determination of appropriate mapping functions in
hole problems is also considerable importance. It is relatively simple in the case of isotropic materials
because only a single mapping function is required. The conformal-mapping becomes considerably
difficult in the case of piezoelectric materials, since it requires finding four distinct mapping functions
which transform the complex parameter regions onto the exterior of a unit circle. For general
anisotropic materials, Lekhnitskii (1968) presented a conformal-mapping scheme to solve a number of
problems on elliptical holes and inclusions. By combining the boundary-perturbation approach and
Lekhnitskii’s conformal mapping scheme, Gao (1992) obtained a first-order perturbation solution for
anisotropic elastic solids with a smooth polygonal hole. To make it clear in what cases the conformal
mapping scheme can be applied to general boundary value problem, Wang and Tarn (1993) investigated
the conditions under which the conformal mapping is possible. Their study indicated that the conformal
mapping in the entire region outside the unit circles possible only for elliptic contour or for anisotropy
of a special kind. Hwu (1992) in his study on anisotropic media revealed that the mapping function z; =
alaily +a2ka_1 +epmany +eman;"™) will map the contour of a polygonal hole on to a circle in the -
plane, and there will be m distinct {, located outside the unit circle. The problem is that which one
should we take. Hwu (1992) in his study chose one nearest |[| =1 as the mapping point, but no
explanation can be found in his paper. This is the motivation that we try to explain the reasons why the
one nearest |{| = 1 should be chosen in this paper.

In view of the above analysis, the purpose of this paper is to present a unified thermoelectroelastic
solution for an infinite thermopiezoelectric plate with various openings induced by thermal loads. The
load may be uniform remote heat flow, point heat source and temperature discontinuity. The solutions
for the later two cases are often called as Green’s function, which has a wide application in boundary
element technique and other numerical analysis. The Green’s function developed is used to derive the
thermoelectroelastic solution for the interaction between a crack and a hole embedded in an infinite
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thermopiezoelectric plate. Numerical results for SED intensity factors are presented to verify the
effectiveness of the proposed formulation.

2. Preliminary formulations

2.1. Stroh formulation for linear thermopiezoelectric solid

Consider a linear piezoelectric solid where all fields are the function of x; and x, only. Cartesian
coordinate system (x;, x5, x3) is used for the description of all field quantities and, boldfaced symbols
stand for either column vectors or matrices, depending on whether lower case or upper case is used. For
stationary behaviour in the absence of body heat source, free electric charge and body forces, the Stroh
formulation of linear thermoelectroelasticity can be found in Mindlin (1974) and Barnett and Lothe
(1975):

T=g'(z)+¢'(z) (1a)

9 = —ikg'(z/) + ikg'(z1) (1b)

h=-9, =39, (Ic)

u = AF(2)q + cg(z/) + AF(z)q + ¢g(;) (1d)

¢ = BF(z)q + dg(z,) + BF(z)q + dg(z/) (le)

m=—¢, Ih=¢, (1f)
with

F(z) = diag[f(z1) f(z2) f(z3) f(za)]

zp = X1+ X2, Zi = X1+ pix2 &

where overbar denotes the complex conjugate, a prime represents the differentiation with respect to the
argument, q is a constant vector to be determined by the boundary conditions, w= {u; u, u3 ¢}7, II; =
{01095 03 D;}T, j=1,2; i = /=1, k = /ki1kxs — k7, kjj are the coefficients of heat conduction, u; and ¢
are the elastic displacement and electric potential (EDEP), T, h;, o;; and D; are temperature, heat flow,
stress and electric displacement, T and p; are the heat and electroelastic eigenvalues of the materials
whose imaginary parts are positive, 3 and ¢ are known as heat-flow function and SED function (Qin,
1998), f(z;) and g(z,) are arbitrary functions with complex arguments z; and z,, respectively, A, B, ¢ and
d are well-defined in the literature (see Qin et al., 1999 for example).

2.2. One-to-one mapping

The contour of the hole used, say I' (see Fig. 1), in this paper is represented by (Hwu, 1990)
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x1 = a(cos Y + yey cos myy),  x2 = alesin yf — yeyysin myr) 3)

where e; =1 if i#j; e, =01if i =, 0 <e<1, m is an integer and have same value for subscript and for
the argument of functions. By an appropriate selection of the parameters ¢, m and y, we can obtain
various special kinds of holes, such as ellipse (m = 1), circle (m = e = 1), triangular (m = 2), square
(m = 3) and pentagon (m = 4). Since the conformal mapping is a fundamental tool used to find the
solution of hole problem, the transformation (Hwu, 1990)

zx = a(alki/c + an (7 4 emazn (! + €mla4kC[m) 4)
in which
1 — ipre 1+ ipre 1+ ipre 1 — ipre
ay = 2pk , = 2” . ay = y(izpk) ag, = y(#pk) (5)

will be used to map the contour of the hole on to a unit circle in the {-plane. For a particular value of
z, there exist 2m roots for {; in Eq. (4). Numerical study on Eq.(4) shows that half of the roots are
located outside the unit circle, and the remaining are inside the unit circle. Thus, the transformation (4)
will be single-valued for m = 1 (ellipse) since only one root locates outside the unit circle. For m > 1,
however, the transformation (4) is multi-valued as there are m roots located outside the unit circle. The
question is which one should be chosen. To fix this, some numerical investigation has been performed
and the typical results are listed in Tables 1-3 for a=e=1and y=0.1. In these tables,
pr = —0.2291853 4 1.003833, which is one of the eigenvalues of material BaTiO; used in Section 5,
(]2 =L, & is the ith root of {; for Eq. (4). It is found from the tables that the magnitudes among the
m-roots are obviously different from each other. In order to show which mapping points can provide
correct solutions some numerical results are presented in Section 5. The numerical results show the root,
say (i, whose magnitude has a minimum value among the m-roots, can provide acceptable results. So
we will chose (} as the solution for Eq. (4) in our analysis. Hence, the entire zx-plane is now mapped

Fig. 1. Geometry of a particular hole (¢ = 1, ¢ = 1, m = 4,y =0.1).
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Table 1
The properties of solution &, forj = 2

Zk S5+ 5pk —54 5pi —5—5pk 5—5pk

& 7.51 —91.75i 16.35 —92.73i 16.30 — 82.84i 5.156 — 81.586i
121 92.06 94.16 84.43 81.74

¢ 3.97 +4.52i —4.885 + 5.4757i —4.85—4.41i 6.294 — 5.65i
1951 6.016 7.338 6.555 8.458

onto part of the (,-plane with a one-to-one transformation. Moreover, it is interesting to see from
Tables 1-3 that the real and imaginary parts of {; always keep the same symbol as those of z, i.e.,
Sign[Im(z;)] = Sign[Im((})] and Sign[Re(zx)] = Sign[Re((})], where

1 if x>0
Sign(x) =4 0 ifx=0 6)
-1 ifx<O

which means that {; and z; are always situated in the same quadrant of a rectangular coordinates
system.

3. Green’s function for traction-free hole problem
Consider an infinite piezoelectric plate contain a hole subjected to thermal loading. If the hole is

thermal-insulated, traction- and charge-free along the hole boundary, the boundary conditions at the
rim of the hole can be written as

3=¢=0 @)
here the following relations has been used (Hwu and Yen, 1993)
hn = '9.S7 tﬂ = ¢,x (8)

where n is the normal direction of the hole, s is the arc length measured along the hole boundary, t,
represents surface traction vector.

3.1. General solution for thermal field

Based on the one-to-one mapping described above and the concept of perturbation given by Stagni
(1982), the general solution for temperature and heat-flow function can be assumed in the form (Hwu

Table 2
The properties of solution {y,, forj = 3

Zk 5+ S5pi —5 4 5px —5 — 5pi 5 — Spk

la 6.02 — 8.63i 8.96 — 8.07i 9.39 — 5.05i —8.96 + 8.07i
[kl 10.52 12.06 10.66 12.06

lin —9.39 + 5.05i —7.73 +0.784i —6.02 + 8.63i 7.73 — 0.784i
[{kal 10.66 7.770 10.52 7.770

Lo 3.38 4+ 3.60i —1.221 4+ 7.274i —3.38 — 3.60i 1.221 — 7.274i

[Ckal 4.938 7.376 4.938 7.376
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and Yen, 1993)
T = 2Re[g'(z)] = 2Re[/o(C) +£1(()] ©)

9 = —2Re[ikg'(z/)] = —2Re[ikfo((,) + ikfi((,)] (10)

where f; represents the solution associated with the unperturbed thermal field and f; is the function
corresponding to perturbed field of the plate.

For a given loading condition, the function fy can be obtained easily since it is related to the solution
of homogeneous media. When an infinite plate subjected to a line temperature discontinuity 7 and a
line heat source #* both located at Z,(= x19 + tx2), the function fy can be chosen in the form (Sturla
and Barber, 1988)

Jo&) = 610111(4’1 - C;k) (11)

where {, and {J are related to the complex arguments z, and Z, through the transformation function (4),
and ¢ is a complex constant which can be determined from the conditions

J dT'=T, and J d3 = —h*, for any closed curve C enclosing the point {7 (12)
c C

The substitution of Eq. (11) into Eqs. (12) yields

T
T 4ni 4nk

9o (13)

When the thermal load is uniform remote heat flux h(kyg, /z9) the function fy may be assumed as (Hwu
and Yen, 1993)

Jo(&) = g4z (14)
the infinite condition provides

hio + hoT
L 1
9= Sk —7) (15)

Thus, the boundary condition (7) requires that

Table 3
The properties of solution &, forj = 4

Zk S+ 5pk =54 5pk -5 —5pk 5—5pk

(i —4.69 — 3.22i 4.58 —2.98i 5.23 — 1.53i —5.31 —1.88i
[kl 5.689 5.464 5.449 5.633

E2 —2.02 4+ 4.43; 1.94 + 4.68i —4.43 —0.16i 4.78 + 0.30i
12l 4.869 5.066 4.433 4.789

(i3 3.71 —3.61i —3.52 —4.15i 0.436 + 5.58i —0.94 + 5.75i
13l 5.177 5.442 5.597 5.826

Cra 3.01 +2.41i —3.49 4 2.45i —1.255 - 3.90i 1.46 — 4.15i

[Ckal 3.856 4.264 4.097 4.399
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Ay =am(;=8) o A = agy (@t ant +and "+l (16)
where
1 —ite 1 + ite
ajr = ) 5 ayr = B (17)
(1 + ite) (1 — ite)
az, = /f a4y = /T (18)

The function g in Eq. (9) can, thus, be obtained by integrating the functions fy and f; with respect to z,
which leads to

gz = aalr[qul (. &)+ éon( L Ef)] + azr[Clon(Ct, &)+ éoFl( L Z:)]

taepas|aoFs (G ) + @B (67 0) |+ a0 Fa(tn ) + doFs (7.8 | (19)
where
F (Cta C;k) = (Cz - C;k)[ln(Ct - C?) - 1] (20)
BEG) = (" = )@ - )+ g, @)
R 6) = (=G - 6) - Y () @2
n=1 t
m—ll %\ 1
Fie ) = (G =G - ) + &g - L () 23
n=1 t

The expression of g corresponding to the loading case ¢ can be also obtained similarly.

3.2. General solution for electroelastic field

From Egs. (1d) and (le), the particular solution of electroelastic field induced by thermal loading can
be written as

u, = 2Re[cg(z,)], ¢, = 2Re[dg(z[)] (24)

where subscript ‘p’ refers to particular solution.

The particular solutions (24) do not, generally, satisfy the boundary condition (7) along the hole
boundary. We, therefore, need to seek a corrective isothermal solution for a given problem when
superposed on the particular thermoelectroelastic solution the surface conditions (7) will be satisfied.
Owing to the fact that f(z;) and g(z;) have the same order to affect the stress and electric displacement
in Eqgs. (1d) and (le), possible function forms come from the partition of g(z;). They are
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fiz) = a[%Fl (& &) + a0 (8o ) + Qo (Ck_l’ ET) + q°F2<Ck_l’ ET)]/z
+ejay [qu3 (G &) + q0Fa(Ce- C) + 50F3(C’;1’ ZT) B q'0F4(C;§1, CT)}/L
frzk) = ipkae[ = q0F1(Ck, &) a0 F2 (G &) + o F (51;1’ a) ~do~ Fz(c’”jl’ ZT>]/2

tienpracy|qoFs (L. ) — a0Fa(G ) — B (6.8 + aoFa(60.T) 2 (25)

where the subscripts 1 and 2 are the indices for the different possible functions.
The Green’s functions for the electroelastic fields can thus be chosen as

2
u= 2Re: Z[AFk(z)qk] + cg(z,)} (26a)
k=1
2
¢ = 2Re{ Z[BFk(z)qk] + dg(z[)} (26b)
k=1

Substitution of Eq. (25) into Eq. (26b), later into Eq. (7), leads to
q=-B'd, q=-P'Bldz (27)
Substituting Eq. (27) into Eq. (26), the Green’s functions can, then, be written as

u=2Re| — A[Fi(z) + Fa@)P']B'd + cg(z) | (28)

¢ = 2Re| — B[Fi(2) + F2(2)P ' 7]B ' + dg(z)) | (29)

Solutions for loading case ¢ can be also obtained similarly, and we can prove that they are the same as
those given by Qin et al. (1999) if we neglect a uniform heat flow in the solution domain.

4. Interaction between a crack and a hole

To illustrate the application of the proposed Green’s functions, consider an infinite piezoelectric plate
with a crack of length of 2¢ and a hole of various shapes subjected to heat flux Ay on the crack faces.
The central point of the crack is denoted by z0(= x19 + prx20) and its orientation angle is denoted by a.
The geometry of the configuration of the crack-hole system is shown in Fig. 2. The orientation of the
crack may be arbitrary. The mathematical statement of this problem can be stated more precisely as
follows

h, = ho, on crack faces (30a)
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m,=0 on crack faces (30b)
h, =t, =0 on the hole boundary (31)
hi=1I;,=0 i=1,2; at infinity (32)

The boundary conditions (30), can be satisfied by redefining the discrete Green’s functions ¢, in Eq. (19)

in terms of distributing Green’s functionsgo(¢) defined along the crack line, z, = 20 +nz¥, 2, = 29 + &z%,

where z¥ = x9 + tx29, zF =cos o+ tsin . In this case, the load parameter gy appearing in Section 3

should be taken as Ty(&/411i). Enforcing the satisfaction of the applied heat flux conditions on the crack
faces, a singular integral equation for the Green’s function is obtained as

1 ¢ 1 2h
el [ ki o | e | = -2 (33)
n —c LM — 6 k
where Kj is Holder-continuous along —¢<¢<c¢ and is given by
0z,/0 1 d
Kotn, &) = —= | 2% | (4
vo(1-eg) [
where
@ as m—1
== <a3f - (—) Y kgt (35)
15t t >t k=0
During the derivation of Eq. (33), the following relation has been employed
In(, —{7) =In(z, — Z,) —In z, (36)

Fig. 2. Geometry of the crack-hole system.
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For a single-valued temperature around a closed contour surrounding the whole crack, the following
auxiliary condition has to be satisfied

Ji , To(f) dét =0 (37)

The singular integral equation (33) for the temperature discontinuity density combined with Eq. (37) can
be solved numerically (Erdogan and Gupta, 1972). Since the solution for the functions, Ty(¢), has a
square root singular at both crack tips, it is more efficient for the numerical calculations by letting

To(@) = -2 _ (38)

2 —¢?

where ©@(¢) is a regular function defined in a closed interval |&]|<c¢. Once the function @(£) has been
found, the corresponding SED can be given from Egs. (1f) and (29) in the form

,(n) = —%JC ,Im{ — BP[F,;I(Z) + F;Z(Z)P—I%]B—la + fdg;(z,)}To(f) dé (39)
_ 1 _ ' ' -1z |p-13 /
Ir(n) = | 'Im{ B[F*l(z) +F,,(z)P T]B d—+ rdg*(z,)}Tg(é) dé (40)
where
P=diag[pi p» p3 pa] (41)
F.(z) = diag[ fi(z1) fui(z2) [fui(z3) fu(za)], i=1,2 (42)

) = B0 §) + B ) - B (0 0) - B0 8) ]2

+e_,»1ay[F3(ck, O+ F(a ) - RGN 8) - m(a c:‘)]/z,

Jaler) = iprae| = Fi(G ) + Falle &) - B (60 8) + B(6008) ]2

tienpracr| (e &) - Falte ) + B (008 - (6. 8) ]2 43)

sz = e[ Fi (0. 0) - B4 ) |+ e B0 0) - A (6T ]

tepar| F3(G ) = Fa(678) |+ a B0 ) - B(67.8) ] (44)

Thus the traction-charge vector on the crack faces is of the form
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to(n) = —II1(n) sin o + I12(n) cos o (45)

It is, generally, that tj(1)70 on the crack faces || <c. To satisfy the traction-charge free condition (30b)
on the crack faces, we must superpose a solution of the corresponding isothermal problem with a
traction-charge vector equal and opposite to that of Eq. (45) in the range || <c. The electroelastic
solution for a single dislocation of strength by in an infinite plate with a hole is thus required. This
solution can be developed in a way similar to that given in Section 3.1. By applying the conformal
mapping mentioned above and the perturbation concept (Stagni, 1982), the general electroelastic
solution for the hole problem can be expressed as (Hwu and Yen, 1993)

u = 2Re[Af () + Af1(0)] (46)

¢ = 2Re[Bfy(0) + Bf1(0)] (47)

in which the one-complex-variable approach introduced by Suo (1990) is adopted to make the
derivation tractable. The approach stated that whether a function is analytic is not affected by different
arguments {;, and once a solution of f({) is obtained, the argument { should be replaced by (., to
compute the related fields. This approach allows the standard matrix algebra to be used in conjunction
with the techniques of analytic functions of one variable, and thus by pass some complexities arising
from the use of four complex variables. fy represents the function associated with the unperturbed
electroelastic field which is related to the solutions of homogeneous media, f; the function
corresponding to the perturbed field of the matrix.

For a infinite plate subject to a line dislocation by located at Z, or (i the function fy can be assumed
in the form (see Ting, 1992)

fo(0) = (In(& — &) Jao (48)

where ((),) =diag[(); (), ()3 ()s]and gy can be determined by the condition (Ting, 1992)
J du=b, for any closed curve C enclosing the point {} (49)

Substitution of Eq. (48) into Eq. (49), yields

G- 50 (50)
Thus the traction free condition on the hole boundary provides

B fo(e) + Bf;(e¥) = —Bfy(e¥) — B f,(c¥) (51)
By the method of analytic continuation one sees (Hwu and Yen, 1993)

£10) = -B~'Bf(1/0) (52)

The function f{({) can be written explicitly in terms of {, by substituting Eq. (48) into Eq. (52) with the
understanding that the subscript of { is dropped before the multiplication of matrices and a replacement
of {, should be made for each component function of f;({) after the multiplication of matrices. This
results in (Hwu and Yen, 1993)
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4

Z(m(g;‘ - Z;)>B*1BII;BTZ)O
B=1
Q=" o (53)
T
where Ig=diag[d1p J0ap O3 dagl, 6; =1 for i =j; 6; = 0 for i#j.
Using Egs. (45), (48) and (53), the boundary condition (31) can be expressed by (Qin, 1998)
L (¢ bo(&)dé 1€
| P Ko ) e =~y 54
nJe N—¢ )¢
where
L = —2/BB" (55)
4 x
Ko(n, €) = —Im B<z;§782k’)/ 9%k g_C">BT T - g_ck B~'BIB" (56)
oo 0al =\ (1- 6l P
and z7, n and ¢ are defined by
zf =cosa+psina, z;=nz + z?, Zg=Czp+ z% (57)
e as O\, i1
Zkp = Atk — 5 T | Bk — Ziwm ZC},CZM_/_ (58)
Cka Ck k —0

where L is a real matrix, and Kg(y, &) is a kernel function of the singular integral equations and is
Holder-continuous along —c<é<c.

For single valued displacements and electric potential around a closed contour surrounding the whole
crack, the following conditions have also to be satisfied

| bo@rac=0 59)

As was done previously, let

o)

by(&) = > (60)
&

2 —

Once the function @(&) has been found from Egs. (54) and (59), the stresses and electric displacements,
II,,(n), in a coordinate system local to the crack line can be expressed in the form

mon =0 - [ POE L[ Ko om@ az g | 1)

where the 4 x 4 matrix 2(«) whose components are the cosine of the angle between the local coordinates
and the global coordinates is in the form (Qin, 1998)
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cosae sinoe 0 O
—sina cosa 0 O
0 0 1 0
0 0 0 1

Q) = (62)

Using Eq. (61) we can evaluate the stress intensity factors K* = (Ky;, K;, Ky, Kp)' at the tips, e.g., at
the right tip (¢ = ¢) of the crack by following definition:

K* = lim + /2n(& — ¢)IT,(¢) (63)

Combined with the results of Eq. (61), one then leads to

K*~ \/g Q(1)LO(c) (64)

Thus, the solution of the singular integral equation enables the direct determination of the stress
intensity factors.

5. Numerical examples

As a numerical illustration of the proposed method, two simple examples are considered. One is a
piezoelectric ceramic (BaTiO;) plate with a crack of length 2¢ and a square hole, and another is an
infinite isotropic elastic plate containing a circular and a crack. The purpose we consider the second
example is for comparison with the existing results.

5.1. Example 1

Consider a piezoelectric ceramic (BaTiOs) plate with a crack of length 2¢ and a square hole shown in
Fig. 2, in which x10 =0, x20 =3¢, m=3, e=1, a=1.8c and y = 0.2c. The material properties of the
plate are given by Qin and Mai (1998):

11 = 150 GPa, Clp = 66 GPa, C13 = 66 GPa, C33 = 146 GPa, Cqq4 = 44 GPa,
o =8.53 x 107%/K, o33 =1.99 x 107%/K, 13 =0.133 x 10° N/CK,
e31 = —4.35C/m>, e33=17.5C/m?, e;5s=11.4C/m?, k1 = 1115k,

k33 = 1260k, 1o =8.85x 10712 C 2/Nm2 = Perimitivity of free space (65)

where ¢y, e; and kj;, respectively, are the elastic moduli, piezoelectric constants and dielectric constants,
o1 and o33 are thermal expansion constants, and A3 is a pyroelectric constant.

Since the values of the coefficient of heat conduction for BaTiO3 could not be found in the literature,
the value kxp/k;;1=1.5, k=0 and k; =1 W/mK are assumed. Moreover, the plane strain
deformation is assumed in our analysis and the crack lines are assumed to be in the x;—x; plane, i.e.,
D3 = u3 = 0. Therefore the stress intensity factor vector K now has only three components(Ky;, K;, Kp).
Fig. 3 shows the numerical results for the coefficients of stress intensity factors f; versus the crack
orientation a, where f3;, are defined by
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K((4) = hyge/neyssfi(0)/k

Ki(4) = hyoe/neyy Pa(a)/k

Kp(A) = hyge/meysfp(e)/k (66)
where
Y11 ciloci3ooe3 o1
Y33 ¢ = | c13 €33 exn 033 (67)
13 e ey —K3y3 /3

However, numerical results for such a problem are not available in the literature yet. For comparison,
the well-known finite element method (FEM) is used to obtain the corresponding results (Oden and
Kelley, 1971). In the FEM analysis, four meshes (M x N, 48 x 40, 72 x 60, 96 x 80, 120 x 100, where M
and N are the element number on the side AB and side BC shown in Fig. 4) have been used to show the
convergence of the FE results. For illustration, Fig. 4 shows the configuration of a particular element
mesh (M = 48, N = 40 and « = 45°). Moreover, In order to accurately calculate the SED distribution
at the crack tip, the mesh density has been increased near the crack tip. A typical finite element mesh
(o = 45°) near crack tip is shown in Fig. 4(b). In the calculation, an eight-node quadrilateral element
model has been used. In addition, the three nodes along one of the sides of each of the quadrilateral
element are collapsed at the crack tip and the two adjoining mid points are moved to the quarter
distances, in order to produce 1/r'/? type of singularity. Table 4 shows that the FE results can converge
to a particular value along with the mesh refinement. It can be seen from Fig. 3 that all the coefficients
p.,(i=1,2, D) are not very sensitive to the crack orientation «, but slightly vary with it. It is also found
from Fig. 3 that the numerical results obtained from the two models(FEM and proposed method) are in
good agreement.

Further, to study the effects of mapping points on the numerical results, the calculation for SED
intensity factors versus crack orientation o with different value of {; (see section Section 2.2) has been
carried out and the results are presented in Fig. 5, where line (1] > |{o| > |{3] > [{ral. It is found from

Present method

121 B e Finite element method
1

0.2 . . L . )
0 20 40 60 80 100

a(deg.)

Fig. 3. Coeflicients f,(i = 1, 2, D) vs. crack angle aM = 120, N = 100).
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Fig. 4. (a) A typical mesh for element analysis (M = 48, N = 40), (b) mesh near crack tip.

(b)

Fig. 5 that the proposed formulation can give results consistent with those from FEM (in the FE
calculation, the mesh M x N = 120 x 100 has been used) if we chose {;; as the solution for Eq. (4),
while other values of {; produce unacceptable results.

5.2. Example 2

Consider a two-dimensional, linear, isotropic, thermoelastic plate which occupies the (r, ) plane and
contains a circular hole 0<r<a, 0<0<2n, with a radial edge crack of length ¢ on the line § = 0. The
plate is subjected to a uniform heat flow Ay as shown in Fig. 6. The problem was discussed by Hasebe et
al. (1988) and can be treated as a degenerated case of the thermopiezoelectric problem. Fig. 7 shows the
variation of normalized stress intensity factors(f, for 0y = 0° and f8, for 0y = 90°) with the ratio ¢/a and
comparison is made with those given in (Hasebe et al., 1988). The coefficients f; are defined as

Table 4
FE results versus mesh refinement (¢ = 0)

Mesh (M x N) B B Bp

48 x 40 0.9687 0.6203 0.4085
72 x 60 0.9783 0.6271 0.4168
96 x 80 0.9848 0.6308 0.4210

120 x 100 0.9870 0.6321 0.4221
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Present method
Finite element method
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0 20 40 60 80 100

o

Fig. 5. Coeflicients f8; vs. crack angle o (1-with (;, 2-with {5, 3-with (3, 4-with {4).

1+v

3
C
KI(]I) = OC/’I()Gﬁ](z) ﬂf(a =+ 2) (68)

where k is the thermal conductivity, o the coefficient of thermal expansion, G the shear modulus and v
Poisson’s ratio. It can be seen from Fig. 7 that f;—0 for both ¢/a—0 and c¢/a— o0 as well as ,—0
for ¢/a—0 and f,—0.5 for ¢/a— o0, which are in agreement with the analytical results (Hasebe et al.,
1988).

Y

Fig. 6. Infinite region with a cracked circular hole under uniform heat flow.
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Fig. 7. Nondimensional stress intensity factors f§; for 6y = 0° and f, for 0y = 90°.

6. Conclusion

The general thermoelectroelastic solutions are presented for an infinite piezoelectric plate with various
holes induced by thermal loads. The derivation is based on the Stroh formalism and the method of
conformal mapping. The solutions satisfy traction-charge free as well as thermal-insulated conditions
along the hole boundary. The key question for such a problem is that the transformation of a
piezoelectric polygonal hole into a circle is not single-valued. In this paper, a simple approach is
presented to treat this problem. Using the solutions developed here, a system of singular integral
equations for the unknown temperature discontinuity defined on crack faces is developed to study the
interaction between crack and hole. Numerical results of SED intensity factors for an infinite plate with
one crack and a square hole are presented to illustrate the application of the proposed formulation. The
numerical results show that an reasonable result can be obtained if we chose &;;, whose magnitude has a
minimum value among m-toots, as the solution for Eq. (4). The proposed method was further verified
by the numerical comparison with the existing results (Hasebe et al., 1988).
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